In this paper, we show how to use the method of Cartan triples (see V. Patrangenaru) in small dimensions.
Preliminaries.
The long history of homogeneous Riemannian spaces (on which we do not dwell here), knew an important moment with the appearance of E. Cartan's method of adapted frames [3, Chap XII] which was subsequently used by Ishihara [4] and Jensen [5] to list homogeneous Riemannian spaces of dimension four. In [13] , we have shown that this method may be put in an algebraic form, called the method of Cartan triples, which provides us with necessary and sufficient conditions of local isometry of two locally homogeneous Riemannian spaces (l.h.R.s.).
The aim of the present paper is to use the formalism of Cartan triples in dimensions 3 and 4, in order to parametrize the isometry classes of simply connected homogeneous Riemannian spaces. We use and enhance the well known list of Milnor [9] , of Riemannian curvatures of left invariant metrics on 3-dimensional Lie groups. We are led to a different proof of Thurston's [16] and part of Wall's [17] classification of 3 and 4 geometries. D
Let fl be a Lie subalgebra of o(n). We shall denote by 0 X the orthocomplement of g with respect to the Killing form.
Let α be a vector subspace of o(n), such that [g, α] C α and let Φ be an α-valued, k-multilinear map of R n . We say that Φ is Q-invariant if for any are the A -S (Ambrose -Singer) torsion respectively curvature associated to the triple (fl,Γ, Ω) [13, §1] (one may try to find the connection with the infinitesimal model [8, 11, 12, 15] etc.).
An n-dimensional Cartan triple [13, §1] is a triple (fl,Γ, Ω), where g is a Lie subalgebra of o(n), Γ : R n -> g 1 -is a linear map and Ω : R n x E n ->• Q is a bilinear skew symmetric map, which are both jj-invariant and together with their associated A -S torsion and curvature, satisfy the following identities: In the upper formulas, [ , ] is the commutator of two matrices, and X is seen as a column matrix, such that ξX is the ordinary multiplication of matrices; obviously g is a Lie subalgebra of t(fl,Γ, Ω). Let K be the simply connected Lie group of Lie algebra 6(g, Γ, Ω), and let G be the connected Lie subgroup of K of Lie algebra g. A Cartan triple is closed if G is closed in K [13, Remark 2.1].
Let C = (g, Γ, Ω), C = (g', Γ', Ω ) be n-dimensional Cartan triples; we say that C is smaller than C, if g C g', and with respect to the decompositions g' = g Θ α, g (1.9)
Let M n be the set of maximal Cartan triples. The action A n of O(n) on the set C n of n-dimensional Cartan triples [13, Proposition 3.2], defined by:
We showed in [13, Theorem 3.1. a)] that there is a bijection from the set of local isometry classes of n-dimensional l.h.R.s.-es and the set of A n orbits of M n . Under this map homogeneous Riemannian spaces correspond to orbits of closed Cartan triples.
A l.h.R.s. corresponding by the inverse of this map to a Cartan triple C, is called a local geometric realization of C. If C is closed, there exists a unique, up to an isometry, simply connected Riemannian homogeneous space M corresponding to C; such a manifold will be called the geometric realization of C More precisely, to the local isometry class of M, one associates the orbit of the following Cartan triple: let u be an orthonormal frame at the point x £ M. The first component of this triple, g = λ u (6(M) x ) is the image of the isotropy algebra at the point of x of the algebra B(M) of Killing vector fields of M, by the tangent map of the isotropy representation with respect to the frame u. Let K be a Lie group of Lie algebra fi(M), and let H be its connected Lie subgroup of Lie algebra t(M) x . If V is an open neighborhood of l κ , such that the foliation of F of V determined by the left cosets of H, is simple, we showed that F is a reductive Riemannian foliation [10] , such that the quotient V/F is locally isometric to M [13, Theorem 1.1].
The A -S torsion of the second component of the Cartan triple is the torsion at rr, the leaf of l κ , of the canonical metric connection of V/F, invariant under the local action of K on V/F, induced by left translations.
The last component of the associated Cartan triple is the g-part of the Riemannian curvature form with respect to u and to the decomposition of o(n) =gθfl i , evaluated at x. The g ± -component of the Riemannian curvature form with respect to 11, Ω g -L, may be recovered from this Cartan triple in the following way [13, (1.24) 
Thus the Riemannian curvature form, with respect to u, Ω = Ω 0 φ Ω fl ±, yields the components of the curvature tensor by the usual formulas:
(1-14)
Λ5 fcr e i = Ω(e Jkϊ e r )e i .
Beside the usual metric invariants, such as the Ricci spectrum, an useful invariant is the square norm of the Cartan-Singer map Γ of a maximal Cartan triple, given by:
In (1.15), k is a fixed multiple of the Killing form.
The classification of 3-dimensional locally homogeneous Riemannian manifolds.
Let (jBj) i,j = (l,n), be the natural basis of gZ(n,R), whose elements axe acting on IR n by:
and let fj = E\ -E{, i > j, be the natural basis of o(n). In order to describe the moduli space M 3 /A 3 , as a stratified set, we shall recall first that any proper, nontrivial Lie subalgebra of o(3) is conjugated too(2)=RΛ 2 .
Thus there are three types of 3-dimensional Cartan triples 
Proof. Let M = K/H be the geometric maximal 1-triple. 
D
The geometric realization of a O-triple is a Lie group endowed with a left invariant metric; in this case the Levi-Civita connection is given by
It was shown by Milnor [9] that such homogeneous spaces depend at most on 3 parameters. Let I = t(0,Γ, 0); two cases are to be distinguished: If t is not unimodular then it has orthonormal basis, (βi,e 2 ,e 3 ) such that [9] 
Proof. The basis which satisfies (2.4) brings the Ricci operator to a diagonal form. Let Ricci ξ be defined by λ = ξα, then the possibly principal Ricci curvatures expressed in terms of the parameters (α,/?,£), are [9, Lemma 6.5]
The given triple is smaller than a 1-triple if r lλ = r 22 and r 33 > 0. This happens iff ξ = 0. Then, with the previous notation, the 1-triple is given by b=\β, K = -α 2 -\β 2 . Prom Corollary 2.2 this is possible iff b = 0, K < 0, that is β = 0. Note that by Corollary 3.2.c there are pairs (G,G) of non isometric R -L groups, G unimodular and G nonunimodular with ξ = 0, β Φ 0. This contradicts a statement in the last section of [7] , there are no such pairs, where G and G are both nonunimodular.
The given triple is smaller than a 3-triple iff ξ = 1. In this case the geometric realization is a space of constant curvature -a 2 and we may consider that β = 0.
For the remaining cases, the principal Ricci curvatures in increasing order are: (r n ,r 22 ,r 33 
be defined in the next formula
and a,β.ξ and D are constrained by (2.5), then the metric on the Dnonunimodular group that corresponds to (α, /3, ξ) G ΛΓί/ is (2.10)
If t is unimodular then Γ is given by (see [9, 
The parameters are those of (2.12).
Proof W.l.o.g., one may suppose that λi < λ 2 < 0 < λ 3 . Prom (2.13) it follows that either two of the principal Ricci curvatures are negative and one is positive (μ 2 7^0), or there is a double zero principal Ricci curvature and a negative one (μ 2 = 0). In the first case the O-triple is maximal except for the case when λ x = λ 2 when it is smaller then a 1-triple in Corollary 2.2., with the parameters (b,K) = (|λ 3 ,-fλ 3 + λiλ 3 ). In the second, the O-triple is maximal, since by (2.3) if the geometric realization of a maximal 1-triple has a double zero principal Ricci curvature, the other principal Ricci curvature is positive. On the other hand if μ 2 = 0, then by (2.11) and (1.15), ||Γ|| 2 = A 2 + λ^, and ||Γ|| 2 and the nonzero principal Ricci curvature, (λ 1? λ 2 = λ x + λ 3 , λ 3 ), λ x < λ 2 < 0 < λ 3 .
In order to find the left invariant metric of SL 2 that corresponds to the parameter λ, we recall [14, p. 462 3 = dx -sinhy dz, x, y, z € EL Then, the metric associated to the parameter λ G Λ, is
Since the proofs of the Propositions 2.3-2.6 do not imply different ideas from those of Propositions 2.1-2.2 (we suggest also the parallel reading of [9] ), these proofs shall be omitted. The above classification is a concrete exemplification of the general principle [8] , that Lie groups with left invariant metrics are "generic" in the set of Riemannian homogeneous spaces of a given dimension.
Proposition 2.3. Any left invariant Riemannian metric on
As a consequence of Corollary 2.3 above we get another proof of the classification of the 1-connected maximal geometries with compact quotient of Thurston [16, 14] .
We recall that such a geometry is a pair (X, K) where if is a Lie group that acts transitively on X, with compact isotropy group, and has a discrete subgroup Γ, such that Γ * is compact.
Two geometries (X, if), {X',K') are equivalent is there is a diffeomorphism / : X -» X' that sends the action of K onto the one of if'. If K is subgroup of if', and dim if < dim if', and if the restriction of the action of K' to K is still transitive then the geometry of (X, K) is smaller than the geometry of (X, K'); a geometry is maximal, if it is not smaller than another one. The geometry (X, K) is 1-connected, if X is simply connected.
Let us consider that we put on X a metric g ι such that K acts by isometries (this is possible because the isotropy group is compact). Then [X,g') is isometric either to §^ x R or with H^ x E 1 , or to (K 3 ,p) where g is one of the metrics (2.10), (2.14), (2.15), (2.16), (2.17), or finally to (S 3 ,#) where g is one of the metrics (2.18).
Two geometries in the same family of metrics and based on the same Lie group if, are equivalent, since the isomorphism which carries the basis e of 6 corresponding to the first metric onto the basis e' corresponding to the second one, induces an equivalence of the two geometries.
It is worth mentioning that the left invariant metrics on SL 2 depends continuously on the parameter λ E Λ of Proposition 2.2. Λ is contractible and has an obvious 3-dimensional stratification, such that the 2-dimensional stratum consists of maximal geometries.
Particularly if in Proposition 2.3, Xι -λ 2 = -λ 3 = -1, we find the metric of SL 2 given in [16, p. 369 ]. The nonunimodular O-group (D -0), is also a transitive group of isometries of such a geometry.
The set of all left invariant metrics on Sol 3 has a structure of a 2-dimensional, contractible stratified set, as shown in Proposition 2.3. For any such geometry, Sol 3 is the component of the identity of its group isometries. The set of all left invariant metrics on E(2) is also a 2-dimensional stratified set, which may be parametrized by a subset of R 2 contractible to the point corresponding to the Euclidean geometry. Nil 3 has a unique left invariant metric, up to a homothety. The isometry group of this geometry is 4-dimensional, and Nil 3 is the only 3-dimensional transitive subgroup of this group.
The isometry group of H\ x E 1 is 4-dimensional. Although this group has no 3-dimensional transitive Lie subgroup, it is unimodular. Therefore H 2 x E ι is another geometry of E 3 . The isometry group of H^ is 6-dimensional and unimodular. Any proper transitive subgroup of this geometry is a nonunimodular D-group, for some D>1.
The six contractible families of geometries mentioned above are the only geometries with compact quotient supported by M?.
Two geometries that are members of different families are not equivalent, because the maximal geometries of different families have nonisomorphic groups.
The set of all geometries supported by S 3 is a contractible 3-dimensional stratified set, as shown in Proposition 2.6. The round spheres are in the 1-dimensional stratum.
The isometry group of S 2 x E 1 is unimodular and it does not have a transitive subgroup of dimension 3. These geometries of § 2 x M, are homothetic, thus equivalent.
As E 3 , S 3 and § 2 x8 are 1-connected and pairwise nonhomeomorphic, if one chooses one maximal geometry of each of the eight families of geometries encountered above, one obtains all the nonequivalent 3-dimensional, 1-connected geometries with compact quotient.
Notice that ]R 3 also supports geometries without compact quotient, given by its nonunimodular D-group structures with left invariant metrics, for D < 1, D φ 0, as shown by Proposition 2.1.
We mention that a 3-dimensional l.h.R.s. with nontrivial isotropy, is uniquely determined by the Ricci curvature at one point. We would like to know to what extent the geometry is determined by the Ricci form. If one leaves aside products of an elliptic or hyperbolic plane with a line, 3-dimensional homogeneous Riemannian manifolds have an R-L group structure. For each algebraic type of 3-dimensional Lie group, from the above metric classification, there is a unique left invariant structure with a given generic Ricci form. Nevertheless, even in the generic case, the Ricci form does not completely determine the algebraic structure of the underlying Lie group; given a Lorentz quadratic form p of signature (-, -, +) one may easily find pairs of distinct R -L groups, with the Ricci curvature p. In the nongeneric case, assume p has the form ρ(X) = μ{{X λ ) , is {g λ in (2.18), λ = (t + i/T*, *, ut"
x ), t 6 \y/Ό, oo)}.
ii. Assume v < 0. One may see from the proof of Proposition 2.2, the set of R -L structures on SX 2 In this section we shall given a complete metric classification (i.e., a parametrization of isometry classes) of the 4-geometries that admit a transitive Killing algebra with nontrivial isotopy, and do not admit a de Rham decomposition in factors of constant curvature or of constant holomorphic curvature. By the result of Jensen mentioned above, this happens if the total isometry group of the geometry M is 5-dimensional.
Since we shall use the method of Cartan triples, as presented in the first section, we shall look for maximal Cartan triples ϊ),Γ, Ω, where fy is a 1-dimensional subalgebra of o(4).
Any such subalgebra f), is conjugated either with o(2), or with R(ff with m > 1.
A Cartan triple C = (o(2), Γ, Ω) is given by the following data [5] : Let R G 50(4) be a rotation by θ in the plane Span(e 3 ,e 4 ) and let C ; = A 4 (C,B). Prom (1.10)-(1.12), follows that C is given by (3.4), depending on the constants (6', d\ UΓ12), where (ft 7 , rf') is the image of (6, d), by a rotation with 0 around (0,0) in W. Therefore any Cartan triple in this case is conjugated to a Cartan triple of the form: , and it follows that C is maximal iff K φ ± b 2 . If this is the case, it follows that t(C) is the Lie algebra of the total group of isometries of the geometric realization M(C) of C. Moreover, due to the discussion of 1-triples in §2, it follows that M(C) is the product of the geometric realization of the 1-triple defined in (2.2) for a = 0, with an Euclidean line.
If C is defined (3.5), from (1.1), (1.2), (1.5)-(1.7) we get the following structure equations of £(C) (the null brackets are omitted): (3.6) [βi,e 3 ] = -&e 2 , [e 2) e 3 ] = be u
The derived algebra £(C)' is Span(eχ,e 2 ,2&e 3 -(K + δ 2 )/ 2 ), and it is isomorphic to:
• o(3) ΊfK + 3b 2 >0
• sl(2,R), ifK + 3b 2 <0,
• the Lie algebra of Nil 3 , if K + 3b 2 = 0. Thus the corresponding 4-geometries with 5-dimensional group of isometries, described in terms of 3-geometries are our case geometries of S Suppose CeC_UC + . Prom (3.9) it follows that the derived algebra of t(C), is the normal abelian subalgebra n = Span(ei,e 2 ,e 3 ). Let α = IRe^then m = n Θ α is a solvable transitive Killing algebra of the M(C), that is a ΛΓCO-algebra [1, 18] if C E C_. The diagonal Δ of C parameterizes spaces of constant negative curvature, and thus, if C E C_,M(C) is equivalent with iϊ 4 , in the sense of Thurston. An analysis of the signs of the principal Ricci curvatures shows that C+ U(C-\Δ) parameterizes the set of isometry classes of the geometric realization of maximal Cartan triples of type (3.8) . Since C+ is contractible, the geometries of M(C), with C 6 C+ are all equivalent and maximal in the sense of Thurston. One may recognize directly this geometry in Table 1 of [17, p. 122] . If C E C+, then M(C), is a Lie group and (ei,e 2 ,e 3 ,e 4 ) is a field of orthonormal frames on it. Let (β 1 ,^2,^3,^4) be the dual coframe. Prom (3.9), it follows that , but it has not the total curvature of such a space, if a φ 0. It is obvious that C α has not constant holmorphic curvature, since it is not Einstein [5] , Therefore, C α is maximal if a > 0. This case was not not included in [5] .
Let us set e 5 = J\ + 2/^. Prom (1.1), (1.2), (1.5)-(1.7), it follows that the structure equations of 6(C α ) are: A straightforward computation shows that t(C α ) is isomorphic to the Lie algebra of the semidirect product R 2 x | 5L(2, R), (look at this algebra as a subalgebra of fli (3, R) Proof. The first four lines correspond to geometries whose total isometry group is at least 6 dimensional, and they follow from [6, Theorem, cases I-V, p. 327]. Using the same idea as in §2, one may obtain the remaining lines from Theorem 3.1. D
We end the paper by the remark that, in dimension 5, examples of Lh.R.s. spaces that are not locally isometric to a homogeneous space already exist. Such an example was given by Kowalski [6] , and we reprove his result by using Cartan triples, in a natural way.
The idea is to look for nonclosed n-dimensional Cartan triples, starting from nonclosed Lie subgroups of SΌ(n), which is impossible for n = 3 and n = 4, due to the Corollary 2.1, 3. 
or
Let if be the simply connected group of Lie algebra 6(C 6^) and let H be the connected subgroup of K tangent to ί). Since ad(iϊ) is nonclosed in the toral subgroup of adlf, generated by Span(-F^,i^) and as K is semisimple, it follows that H is not closed in K. D
